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1
$n$ , $\mathrm{S}^{n},$ $\mathbb{H}^{1}$ . $\mathrm{S}^{n}$
$\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{f}(\mathrm{S}^{n}),$
$\mathbb{H}^{l+1}$ $\mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{\iota+1})$ . $|_{/}\mathrm{a}$
, $\mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{n+1})$ $\mathbb{H}^{n+1}$ $\mathrm{S}^{n}$ ,
$\mathrm{S}^{n}$ \iota
. , $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{f}(\mathrm{S}^{n})\cong \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{l+1})$ . ( ,
$\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{f}(\mathrm{S}^{n})\cong \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{\iota+1})$ Klein . Klein F& ,
$x\in \mathbb{H}^{n+1}$ $\Gamma x$ $\mathbb{H}^{\iota+1}\cup \mathrm{S}^{n}$ (limit set) $\Lambda(\Gamma)$
. $\Gamma$ $\mathrm{S}^{n}\backslash \Lambda(\Gamma)$ $\Omega(\Gamma)$ . $\Gamma$ $\Omega(\Gamma)$ .
$C(\Gamma)$ , $\Lambda(\Gamma)$ (hyperbolic convex hull), , $\Lambda(\Gamma)$ Sl P+l\iota
. $\Gamma$
, $\epsilon>0$ $C(\Gamma)/\Gamma$ $\epsilon$- , $\Gamma$ #
. , $C(\Gamma)/\Gamma$ , $\Gamma$
$J\backslash ^{\mathrm{O}}\text{ }$ }$\backslash$




, $\Gamma$ (critical exponent) $\delta(\Gamma)=\inf\{s>0|\Sigma_{\gamma\in\Gamma}e^{-sd(\gamma x,y)}<\infty\}$
. $x,$ $y\in \mathbb{H}^{n+1},$ $d(\cdot, \cdot)$ P 1 . , $\Gamma$
, $\Gamma$ $\mathrm{A}\mathrm{a}$ . , $\Gamma$
, $\Gamma$ $\Lambda(\Gamma)$ Hausdorff $\dim_{H}\Lambda(\Gamma)$ \sigma ,
,
$\delta(\Gamma)\leq\dim_{H}\Lambda(\Gamma)$




, $\mathrm{r}$ , $\mathrm{r}$
$\ovalbox{\tt\small REJECT}$
1.1([5, Theorem 1]) $\Gamma\subset \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{1+1})(n\geq 3)$ $\Omega(\Gamma)/\Gamma$
Klein .
(1) $\delta(\Gamma)<n-1$ , $\Omega(\Gamma)$ $\Gamma$ .
(2) $\delta(\Gamma)<n/2$ , $\Omega(\Gamma)$ $\Gamma$ .
$n=2$ , Bishop-Jones [1] , $\Gamma$ , Hausdorff
2 , $\Gamma$ . ,
, ( ) . , 1.1
$\Gamma$ , (1), (2) . , $\mathrm{S}^{2}\cup \mathbb{P}$
, ( ) ,
$\mathbb{P}=*\mathbb{H}^{\iota+1}(n\geq 4)$ $\mathbb{H}^{1+1}$ Klein ,
. 1.1 , Bishop-Jones , [3] .
, , (flat conformal struc-
ture) . , .
$n$ $M$ $C$ . , , $M$
Riemann , $g\in C$
$C=$ {$fg|f$ $M$ C0 }
. , $C$ , $M$ $g$
( ) . $(M, C)$
, $(M, C)$ $\mathrm{S}^{n}$ . ,
$C$ . $M$ , $M$ $(\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{f}(\mathrm{S}^{n}), \mathrm{S}^{n})-$
. , $(M, C)$ , $M$
$\mathrm{S}^{n}$ (developing map) ,
$\pi_{1}(M)$ $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{f}(\mathrm{S}^{n})$ ( ) , (
)($G$ , X)- .
Klein $\Gamma$ $\Omega(\Gamma)$ , $\Omega(\Gamma)/\Gamma$ ,
. , $\Omega(\Gamma)$ , $\mathrm{S}^{n}$ ,
, . $\Gamma$ $\mathrm{S}^{n}$
, $\Omega(\Gamma)$ . , $\Omega(\Gamma)/\Gamma$
.
, Riemann $g$ , Riemann $(M, g)$
, . $(M, g)$ $\dim M\geq 4$ ,
. Schoen-Yau [11, Proposition 33] , $(M, g)$
, $(M, g)$ $(\tilde{M},\tilde{g})$ $\mathrm{S}^{n}$
. , $\Gamma$ , $\Gamma$ Klein ,
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$\mathrm{F}$ . , $\mathrm{r}$
$\delta(\mathrm{D}\ovalbox{\tt\small REJECT}(n-2)/2$ . , .
L2 $(M, g)$ , , $\dim M\geq 4$
. , Klein $\Gamma$ $(M, g)$ $\Omega(\Gamma)/\Gamma$
.
1Schoen-Yau [11, Proposition 33] , $(M, g)$ ,
$\dim M\geq 7$ , $\tilde{M}$ ,
$\Gamma$ $\delta(\Gamma)\leq(n-2)/2$ . , $M$ $n$ $T^{n}$
. , $(M, g)$ ,
, $\dim M\geq 3$ ,
.
Klein ([4, Theorem 1])
, . ( , . [4, TheOrem2]
. )
L3 ([5, Theorem 2]) $(M, C)$ , , (1)
(2) .
(1) $\dim M\geq 4$ $C$ $g$ .
(2) $\dim M\geq 7$ $C$ $g$ .
$\mathcal{M}_{0}$ , $M$ , $C$
. , $\mathcal{M}_{0}$ ,
Klein .
, 12 $C$ ,
$C$
.
, 12 $M$ .
.




13, 1.4 , 1J(2) $\delta(\Gamma)\leq(n-2)/2$
. , $\Omega(\Gamma)/\Gamma$
. Atiyah-Singer ,
(\S 3 2 ), ( )
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. 3 , . 4
$1\ovalbox{\tt\small REJECT}$ . 2 , 3 , $\Omega(\mathrm{F})/\mathrm{F}$
$\delta(\mathrm{F})$ .
2 $\Gamma$ $\Omega(\Gamma)/\Gamma$
3 , $\Omega(\Gamma)/\Gamma$ . , $\Gamma$
$\delta(\Gamma)$ $\Omega(\Gamma)/\Gamma$ ,
$\delta(\Gamma)$ $\Omega(\Gamma)/\Gamma$ . ,
Schoen-Yau .
2.1([11, Proposition 3.3]) $(M, C)$ , ,
(1) (2) .
(1) $\dim M\geq 4$ $C$ $g$ .
(2) $\dim M\geq 7$ $C$ $g$ .
, $(M, C)$ . , $\pi_{1}(M)$
$\Gamma$ , $(M, C)$ $\Omega(\Gamma)/\Gamma$ . , $M$ $n$ $T^{n}$
, $\Gamma$ $\delta(\Gamma)\leq(n-2)/2$ .
$M$ $T^{n}$ , , $\Gamma$ $n$ Klein
, $\mathbb{Z}^{n}$ . $\delta(\Gamma)=n/2$
.
, [9] , $\Gamma$ Patterson-Sullivan , $\Omega(\Gamma)$ r-
Riemann . $\langle$ . $\mathbb{H}^{\iota+1}$ $\mathbb{R}^{n+1}$ ,
$\mathrm{S}^{n}$ $\mathrm{R}^{n+1}$ , $\mathit{0}$ . , $x,$ $y\in \mathrm{S}^{n}$ ,
$|x-y|$ $\mathrm{R}^{n+1}$ Euclid . $\mu$ $\Gamma$ $\mathit{0}$ Patterson-Sullivan
, $\mathit{9}0$ $\mathrm{S}^{n}$ Riemann , $\mathbb{R}^{n+1}$ .
$g_{0}$
$\Omega(\Gamma)$ Riemann
$g(x)=( \int_{\Lambda(\Gamma)}(\frac{2}{|x-y|^{2}})^{\delta(\Gamma)}d\mu(y))^{2/\delta(\Gamma)}g_{0}(x)$, $x\in\Omega(\Gamma),$ $y\in\Lambda(\Gamma)$
$\Gamma$ , $\Omega(\Gamma)/\Gamma$ Riemann . ,
$\Omega(\Gamma)/\Gamma$ ( ) .
, $g_{N}$ . , , $g_{N}$
$\delta(\Gamma)$ , .
.
2.2([9, Theorem 3.3]) $\Gamma\subset \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{n+1}),$ $(n\geq 3)$ , , $\Omega(\Gamma)/\Gamma$
Klein . , $\Omega(\Gamma)/\Gamma$ $T^{n}$ . (
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, $\mathbb{Z}^{n}$ $\ovalbox{\tt\small REJECT}$ ( ,
) $\delta(\mathrm{D}<(n-2)/2(\delta(\mathrm{D}\ovalbox{\tt\small REJECT}(n-2)/2, \delta(\mathrm{F})>(n-2)/2)$
.
22 .
23([5, Lemma 6]) $\Gamma\subset \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{v+1}),$ $(n\geq 3)$ $\delta(\Gamma)\leq(n-2)/2$
Klein , $\Omega(\Gamma)/\Gamma$ . , $\Omega(\Gamma)/\Gamma$
( )Riemann .
3
, 1J , $\Gamma$ .
3.1([5, Proposition 7]) $\Gamma\subset \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{\iota+1})(n\geq 3)$ $\Omega(\Gamma)/\Gamma$
Klein . $\delta(\Gamma)\leq(n-2)/2$ , $\Omega(\Gamma)$ , $\Gamma$
.
( ) $\Omega(\Gamma)/\Gamma$ $M_{0}$ . $M_{0}$ $\Omega(\Gamma)$
$\Omega_{0},$ $\Omega_{0}$ (stabilizer) $\Gamma_{0}$ . $M_{0}=\Omega_{0}/\Gamma_{0}$
, $\Gamma_{0}$ . , $\Gamma_{1}\subset\Gamma_{0}$
. , $\Omega_{0}/\Gamma_{1}$ , $\delta(\Gamma_{1})\leq\delta(\Gamma)\leq(n-2)/2<n-1$
, , $\Omega_{0}=\Omega(\Gamma)$ , $\Gamma_{0}=\Gamma$ .
32([3, Propsition 3.2]) $\Omega$ $\mathrm{S}^{n}$ , $\Gamma$ $\Omega$ ,
Klein . $\delta(\Gamma)<n-1$ , $\Omega/\Gamma$ , $\dim_{H}\Lambda(\Gamma)\leq\delta(\Gamma)<$
$n-1$ , $\Omega=\Omega(\Gamma)$ . , $\Omega(\Gamma)$ .
$\Gamma$ ,
. , 3.1 , $\Gamma_{1}$
. , $\Gamma$ , $\mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{l+1})$
. $\Omega(\Gamma)/\Gamma$
.
, $\Omega(\Gamma)/\Gamma$ $\hat{A}$ . $M$ $\hat{A}$ $\hat{A}(M)$
$\hat{A}(M)=1-\frac{1}{24}p_{1}+\frac{1}{5760}(7p_{1}^{2}-4p_{2})+\cdots$
$H^{*}(M, \mathbb{Q})$ . , 1 $H^{0}(M$,
, $p_{j}\in H^{4j}(M, \mathbb{Q})$ $j$ Pontrjagin . $M$ $\pi_{1}(M)$
65
$B(\pi_{1}(M))$ , $f\ovalbox{\tt\small REJECT} Marrow B(\pi_{1}(M))$ . , $uC$
$H\sim B(\pi_{1}(M)),$ $\mathrm{Z})$ $M$
$\ovalbox{\tt\small REJECT}$
$\hat{A}_{u}(M)=\hat{A}(M)\cup f^{*}u$
. $\hat{A}$ $M$ $[M]$
$\langle\hat{A}_{u}(M), [M]\rangle$
$u$
$\hat{A}$ . $\hat{A}$ $M$ Riemann
:
3.3 ([10, Theorem 3.5]) $M$ , ,
.
(1) $M$ $\tilde{M}$ .
(2) $\pi_{1}(M)$ Novikov .
(3) $M$ emann .
, $u\in H^{*}(B(\pi_{1}(M)), \mathbb{Q})$ $\langle\hat{A}_{u}(M), [M]\rangle=0$ .
$\hat{A}$ . [10] .
, , $\Omega(\Gamma)/\Gamma$ $\hat{A}$ .
32 $\Gamma$ , $\dim_{H}\Lambda(\Gamma)\leq(n-2)/2$ , $\Omega(\Gamma)$ ,
$\Omega(\Gamma)$ $\Omega(\Gamma)/\Gamma$ . $\Gamma$ $\Lambda(\Gamma)\neq\emptyset$ , $\Omega(\Gamma)\subset \mathbb{R}^{n}\subset$
$\mathrm{S}^{n}\backslash$ { $1$ }. , $\Omega(\Gamma)$ .
, $\Omega(\Gamma)/\Gamma$ (1) . $\Gamma\cong\pi_{1}(\Omega(\Gamma)/\Gamma)$ , $\Gamma$ $\mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(\mathbb{H}^{\iota+1})\text{ }$
, [7] ( [10, p. 202]) (2) . ,
23 (3) . $\Omega(\Gamma)/\Gamma$ $\hat{A}$ .
$\hat{A}$
$\Gamma$ .
$\Gamma\cong\pi_{1}(\Omega(\Gamma)/\Gamma)$ , $\pi_{1}(\Omega(\Gamma)/\Gamma)$ $(\Omega(\Gamma)\cup \mathbb{H})/\Gamma$
. , $i$ : $\Omega(\Gamma)/\Gamma \mathrm{e}arrow(\Omega(\Gamma)\cup \mathbb{H})/\Gamma$ . $u\in$
$H^{n}((\Omega(\Gamma)\cup \mathbb{H})/\Gamma, \mathbb{Q})$ , $n=\dim\Omega(\Gamma)/\Gamma$ , $p_{j}\cup i^{*}u=0(j=1,2, \ldots)$
.
$\hat{A}_{u}(\Omega(\Gamma)/\Gamma)=i^{*}u$
. $\Omega(\Gamma)/\Gamma$ $\hat{A}$ ,
$0=\langle i^{*}u, [\Omega(\Gamma)/\Gamma]\rangle=\langle u, i_{*}[\Omega(\Gamma)/\Gamma]\rangle$ (3.1)
. , $i_{*}$ $i$ . (3.1)
, $\Omega(\Gamma)/\Gamma$ $[\Omega(\Gamma)/\Gamma]$ $i_{*}$ : $H_{*}(\Omega(\Gamma)/\Gamma, \mathbb{Z})arrow H_{*}((\Omega(\Gamma)\cup \mathbb{H})/\Gamma, \mathbb{Z})$
$H_{n}((\Omega(\Gamma)\cup \mathbb{H})/\Gamma, \mathbb{Z})$ . , $\mathbb{H}^{\mathrm{r}+1}/\Gamma$
, $0=H_{n+1}(\mathbb{H}^{l+1}/\Gamma, G)\cong H_{n+1}((\Omega(\Gamma)\cup \mathbb{H})/\Gamma, G)$
66
$G$ . $H_{n}((\Omega(\Gamma)\cup \mathbb{H})/\Gamma, \mathbb{Z})$
. $i_{*}[\Omega(\Gamma)/\Gamma]=0$ . $(\Omega(\Gamma)\cup \mathbb{H})/\Gamma$ $\Omega(\Gamma)/\Gamma$
$(n+1)$- , $(\Omega(\Gamma)\cup \mathbb{H})/\Gamma$
. $(\Omega(\Gamma)\cup \mathbb{H})/\Gamma$ . ( ,
Meyer-Vietoris . [3, Proposition 49]
. ) $(\Omega(\Gamma)\cup \mathbb{H})/\Gamma$ $\Gamma$ $\Gamma$
. ( )
( 2) , $M$ Pontrjaigin $p_{j}$ $\in H^{4j}(M, \mathbb{Q})$
([8] ). , $p_{j}$
, . , Atiyah-
Singer
. , ,
. , Pontrjagin ,
. , $\Omega(\Gamma)$
, $\Gamma$ . ,




, 1J . ,
Bishop-Jones , .
32 , 1.1 $\Gamma$ $\Omega(\Gamma)$ , $\dim_{H}\Lambda(\Gamma)<n-1$
. $\Omega(\Gamma)/\Gamma$ $\Gamma$ . $\Gamma$ ,
, $\Gamma$ .
, $\Lambda(\Gamma)$ $C(\Gamma)$ , [3, Lemma 22] $\Omega(\Gamma)/\Gamma$
$\Gamma$ . $C(\Gamma)$
. $\Omega(\Gamma)$ $C(\Gamma)$ , $C(\Gamma)$ $C(\Gamma)$
, $\Gamma$ . $C(\Gamma)/\Gamma$
. , [1, Lemma 34]
. $\mathbb{H}^{l+1}$ $n=2$ [1, Theorem 4.1]
( , [2] ), [1, pp. 25-27]
. , $\Gamma$ $\dim_{H}\Lambda(\Gamma)=n$
. , $\dim_{H}\Lambda(\Gamma)<n-1$ .
$\Gamma$ . $\Omega(\Gamma)/\Gamma$ , $\Gamma$
$n$ . $\delta(\Gamma)\geq n/2$ .
, (2) $\delta(\Gamma)<n/2$ , $\Gamma$
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